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Introduction

• In deep learning, neural networks are typically overparametrized
(# 𝑜𝑓 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠) ≫ (# 𝑜𝑓 𝑡𝑟𝑎𝑛𝑖𝑛𝑔 𝑒𝑥𝑎𝑚𝑝𝑙𝑒𝑠)

§ Highly underdetermined problem, many solutions

§ Variants of gradient descent often finds those with good generalization

• Theoretically understand the nonlinear training dynamics of gradient methods

• Prior works suggest that in this overparametrized regime, specific initialization may:

§ Accelerate convergence (implicit acceleration)

§ Promote generalization (implicit bias)

• Question: Are there general properties of initialization that benefit convergence
and implicit bias?

• Our setting: two-layer linear networks, gradient flow, the answer is YES!
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Outline

• (Convergence) Sufficient imbalance or sufficient margin guarantees exponential 
convergence 

• (Implicit Bias) Orthogonal initialization leads to min-norm solution 



Contributions: Convergence

• Existing analysis for convergence of two-layer linear networks requires strong 
assumptions on the initialization (balanced, or spectral)
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Contributions: Convergence

• Existing analysis for convergence of two-layer linear networks requires strong 
assumptions on the initialization (balanced, or spectral)

•We show

• Exponential convergence via sufficient imbalance or sufficient margin
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Spectral Non-spectral
(with sufficient margin)

Balanced [Saxes’14]
[Gidel’19]

[Arora’18]

Sufficiently
Imbalanced

[Tarmoun’21] Our work

𝑅𝑎𝑡𝑒 ≥ (𝐼𝑚𝑏𝑎𝑙𝑎𝑛𝑐𝑒)!+4 𝑀𝑎𝑟𝑔𝑖𝑛 !
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Problem Setup

• Training data 𝑋 = 𝑥(#) ⋯ 𝑥(%) & ∈ ℝ%×(, 𝑌 = 𝑦(#) ⋯ 𝑦(%) & ∈ ℝ%×)

• Two-layer linear network, squared loss (Regression task) 

𝐿 𝑈, 𝑉 =
1
2
𝑌 − 𝑋𝑈𝑉& *

! , 𝑈 ∈ ℝ(×+, 𝑉 ∈ ℝ)×+

• Overparametrized model: ℎ ≥ 𝑚𝑖𝑛 𝑛,𝑚

• Gradient flow dynamics
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Outline - Convergence

• (Convergence) Sufficient imbalance or sufficient margin guarantees exponential 
convergence 

§ (Warm-up) Scalar case: 𝐿0(𝑢, 𝑣) =
#
! |𝑦 − 𝑢𝑣|

!

§ Matrix case: 𝐿(𝑈, 𝑉) = #
!
𝑌 − 𝑈𝑉& *

!

§ Convergence results for regression: 𝐿(𝑈, 𝑉) = #
! 𝑌 − 𝑋𝑈𝑉& *

!



Balanced 
Initialization

Imbalanced 
Initialization

Scalar Dynamics: Imbalance

• Gradient flow on 𝐿0(𝑢, 𝑣) =
#
! |𝑦 − 𝑢𝑣|

!

�̇� = 𝑦 − 𝑢𝑣 𝑣
�̇� = 𝑦 − 𝑢𝑣 𝑢

• Imbalance of the weights
𝑑 ≔ 𝑢! − 𝑣!

• Imbalance is time-invariant [Saxes’14]
�̇� = 0

A Saxe, J Mcclelland, and S Ganguli. “Exact solutions to the nonlinear 
dynamics of learning in deep linear neural network.” ICLR 2014



Scalar Dynamics: Exponential Convergence

• Gradient flow on 𝐿0(𝑢, 𝑣) =
#
! |𝑦 − 𝑢𝑣|

!

�̇� = 𝑦 − 𝑢𝑣 𝑣, �̇� = 𝑦 − 𝑢𝑣 𝑢
• We need a lower bound on the 

instantaneous rate −�̇�0/𝐿0

Grönwall’s inequality
�̇�0(𝑡) ≤ −𝛼𝐿0(𝑡)

⇒ 𝐿0(𝑡) ≤ 𝑒𝑥𝑝 −𝛼𝑡 𝐿0(0)

For exponential convergence, show 
− �̇�0/𝐿0 ≥ 𝛼 for some 𝛼 > 0



Scalar Dynamics: Exponential Convergence

• Gradient flow on 𝐿0(𝑢, 𝑣) =
#
! |𝑦 − 𝑢𝑣|

!

�̇� = 𝑦 − 𝑢𝑣 𝑣, �̇� = 𝑦 − 𝑢𝑣 𝑢
• We need a lower bound on the 

instantaneous rate −�̇�0/𝐿0

• − -̇!
-!
= 2 𝑢! + 𝑣! =2 𝑑! + 4 𝑢𝑣 !

§ 𝑑 is ^me-invariant      ✔
§ A lower bound on 𝑢𝑣 ! ??

Express 𝑢!, 𝑣! by imbalance 𝑑 and
product 𝑢𝑣

𝑢! =
𝑑 + 𝑑! + 4(𝑢𝑣)!
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𝑣! =
−𝑑 + 𝑑! + 4(𝑢𝑣)!
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Scalar Dynamics: Exponential Convergence

• Gradient flow on 𝐿0(𝑢, 𝑣) =
#
! |𝑦 − 𝑢𝑣|

!

�̇� = 𝑦 − 𝑢𝑣 𝑣, �̇� = 𝑦 − 𝑢𝑣 𝑢
• We need a lower bound on the 

instantaneous rate −�̇�0/𝐿0

• − -̇!
-!
= 2 𝑢! + 𝑣! =2 𝑑! + 4 𝑢𝑣 !

§ 𝑑 is ^me-invariant      ✔
§ 𝑢𝑣 ! ≥ (𝑀𝑎𝑟𝑔𝑖𝑛)! ✔

𝑢𝑣 stays above the margin

𝑢 𝑡 𝑣 𝑡 ≥ 𝑦 − 𝑦 − 𝑢 𝑡 𝑣 𝑡
≥ 𝑦 − 𝑦 − 𝑢 0 𝑣 0
:= 𝑀𝑎𝑟𝑔𝑖𝑛



Scalar Dynamics: Exponential Convergence

• Gradient flow on 𝐿0(𝑢, 𝑣) =
#
! |𝑦 − 𝑢𝑣|

!

�̇� = 𝑦 − 𝑢𝑣 𝑣, �̇� = 𝑦 − 𝑢𝑣 𝑢
• We need a lower bound on the 

instantaneous rate −�̇�0/𝐿0

• − -̇!
-!
= 2 𝑢! + 𝑣! =2 𝑑! + 4 𝑢𝑣 !

§ 𝑑 is ^me-invariant      ✔
§ 𝑢𝑣 ! ≥ (𝑀𝑎𝑟𝑔𝑖𝑛)! ✔

• − -̇! 2
-! 2

= 2 𝑑! + 4 𝑢 𝑡 𝑣 𝑡
!
≥ 2 𝑑! + 4 𝑚𝑎𝑥 𝑦 − 𝑦 − 𝑢 0 𝑣 0 , 0 !

𝑅𝑎𝑡𝑒 ≥ 2 (𝐼𝑚𝑏𝑎𝑙𝑎𝑛𝑐𝑒)!+4 𝑀𝑎𝑟𝑔𝑖𝑛 !
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From Scalar Case to Matrix Case

Scalar Case

• 𝐿0(𝑢, 𝑣) =
#
! |𝑦 − 𝑢𝑣|

!

• Imbalance 𝑑 = 𝑢! − 𝑣!

• Rate depends on imbalance 𝑑
and product 𝑢𝑣

• 𝐿0 converges exponen^ally via
• Sufficient imbalance
• Sufficient margin

Matrix Case

• 𝐿 𝑈, 𝑉 = #
!
𝑌 − 𝑈𝑉& *

!

(𝑈 ∈ ℝ(×+, 𝑉 ∈ ℝ+×), ℎ ≥ 𝑚𝑖𝑛 𝑛,𝑚 )
• Imbalance 𝐷 = 𝑈&𝑈 − 𝑉&𝑉

• Rate depends on imbalance quantities  
∆, ∆3, ∆4and product 𝑈𝑉&

• 𝐿 converges exponentially via
• Sufficient level of imbalance ∆
• Sufficient margin



Imbalance quantities

• 𝐿 𝑈, 𝑉 = #
! 𝑌 − 𝑈𝑉& *

! (𝑈 ∈ ℝ(×+, 𝑉 ∈ ℝ+×))

• Imbalance 𝐷 = 𝑈&𝑈 − 𝑉&𝑉



Imbalance quantities

• 𝐿 𝑈, 𝑉 = #
! 𝑌 − 𝑈𝑉& *

! (𝑈 ∈ ℝ(×+, 𝑉 ∈ ℝ+×))

• Imbalance 𝐷 = 𝑈&𝑈 − 𝑉&𝑉
Positive Spectrum Spread

Negative Spectrum Spread

Level of Imbalance



Main Results: Instantaneous Rate

Proposition 1. (Lower bound on instantaneous rate) Define 𝐷 = 𝑈&𝑈 − 𝑉&𝑉. 
Consider the gradient flow on 𝐿 𝑈, 𝑉 = #

! 𝑌 − 𝑈𝑉& *
! . Then we have

−
�̇�
𝐿
≥ −∆3 + ∆3 + ∆

! + 4𝜎)! 𝑈𝑉& −∆4 + ∆4 + ∆
! + 4𝜎(! 𝑈𝑉& ,

• For the scalar case
𝑅𝑎𝑡𝑒 = 2 (𝐼𝑚𝑏𝑎𝑙𝑎𝑛𝑐𝑒)!+4 𝑃𝑟𝑜𝑑𝑢𝑐𝑡 !

• For the matrix case
𝑅𝑎𝑡𝑒 ≥ −𝑆𝑝𝑟𝑒𝑎𝑑 + (𝑙𝑣𝑙. 𝑜𝑓 𝑖𝑚𝑏𝑎𝑙𝑎𝑛𝑐𝑒 + 𝑆𝑝𝑟𝑒𝑎𝑑)!+4𝜎! 𝑃𝑟𝑜𝑑𝑢𝑐𝑡



Main Results: Exponential Convergence
• We have a lower bound on the instantaneous rate

𝑅𝑎𝑡𝑒 ≥ −𝑆𝑝𝑟𝑒𝑎𝑑 + (𝑙𝑣𝑙. 𝑜𝑓 𝑖𝑚𝑏𝑎𝑙𝑎𝑛𝑐𝑒 + 𝑆𝑝𝑟𝑒𝑎𝑑)!+4𝜎! 𝑃𝑟𝑜𝑑𝑢𝑐𝑡

§ Imbalance is ^me-invariant        ✔
§ 𝜎! 𝑃𝑟𝑜𝑑𝑢𝑐𝑡 ≥ 𝑀𝑎𝑟𝑔𝑖𝑛 ! ✔

• 𝐿 converges exponenLally via
• Sufficient level of imbalance 

∆> 0
• Sufficient margin

𝜎)5( 𝑌 − 𝑌 − 𝑈𝑉& * > 0



Exponential Convergence Guarantees: Summary

Non-spectral ini^aliza^ons for
the gradient flow on #! 𝑌 − 𝑈𝑉& *

!

Balanced initialization 𝐷:= 𝑈!𝑈 − 𝑉!𝑉 = 0

Margin + approx. balanced
[Arora’18]

𝜎"#$ 𝑌 − 𝑌 − 𝑈𝑉! % > 𝛿
𝐷 % ≤ 𝐶𝛿&

Homogeneous imbalance
[Tarmoun’21] 𝐷 = 𝜆'𝐼(, 𝜆' > 0

Sufficient level of imbalance
[Min’21] ∆ > 0

Sufficient margin 𝜎"#$ 𝑌 − 𝑌 − 𝑈𝑉! % > 0



Convergence Result for Linear Regression

• For matrix factorization 𝐿(𝑈, 𝑉) = #
!
𝑌 − 𝑈𝑉& *

! , we have

𝑅𝑎𝑡𝑒 ≥ (𝐼𝑚𝑏𝑎𝑙𝑎𝑛𝑐𝑒)!+4 𝑀𝑎𝑟𝑔𝑖𝑛 !

• For linear regression ]𝐿 𝑈, 𝑉 = #
! 𝑌 − 𝑋𝑈𝑉& *

! , we have (Σ6 = 𝑋&𝑋)

𝑅𝑎𝑡𝑒 ≥ 𝜆)5((Σ6) (𝐼𝑚𝑏𝑎𝑙𝑎𝑛𝑐𝑒)!+4 𝑀𝑎𝑟𝑔𝑖𝑛 !/𝜆)76(Σ6)



Outline

• (Convergence) Sufficient imbalance or sufficient margin guarantees exponen^al 
convergence 

• (Implicit Bias) Orthogonal iniLalizaLon leads to min-norm solu^on 
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• Suppose 𝑋 ∈ ℝ%×( DOES NOT have full row rank, 𝑟 = 𝑟𝑎𝑛𝑘 𝑋 < 𝑛

• (Underdetermined) Infinitely many solu^ons to 𝑚𝑖𝑛8 𝑌 − 𝑋Θ *

• The minimum-norm soluLon
cΘ = 𝑎𝑟𝑔𝑚𝑖𝑛8 Θ *: 𝑌 − 𝑋Θ * = 𝑚𝑖𝑛8 𝑌 − 𝑋Θ *

• We decompose the weight 𝑈 using the SVD of 𝑋

𝑈 = Φ# eΦ#&𝑈
≔."

+Φ!
eΦ!
&𝑈

≔.#

, 𝑋 = 𝑊 Σ6
#/! 0

Φ#&

Φ!
&

• “orthogonality” among 𝑈#, 𝑈!, 𝑉 ⟹ exact minimum-norm solu^on

Implicit Bias to Min-norm Solution
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Proposition 2. (Orthogonal Initialization) If one have
𝑉 0 𝑈!& 0 = 0, 𝑈# 0 𝑈!& 0 = 0,

and that the loss converges to a global minimum, then 𝑈(𝑡)𝑉&(𝑡) converges to 
exactly the minimum-norm solution cΘ

Main Results: Implicit Bias to Min-norm Solution

• Orthogonal initialization may not converge (e.g., zero initialization). 

• Sufficient imbalance or margin can provide convergence guarantee.



• (Sufficient level of imbalance) w.h.p.
∆ 0 > 1

• (Approximate Orthogonality) w.h.p.

𝑉 0 𝑈!&(0)
𝑈#(0)𝑈!&(0) *

= 𝒪 ℎ4 ⁄# !

27

• (Sufficient level of imbalance)
∆ 0 > 0

• (Orthogonality)

𝑉 0 𝑈!&(0)
𝑈#(0)𝑈!&(0) *

= 0

Random Initialization + Large Width

exact minimum-norm soluKon

Random initialization
𝑈(0) 5<, 𝑉(0) 5<~𝒩(0, ℎ4#)

Large hidden layer width 𝒉

approximate minimum-norm solution

Non-kernel-regime conditions Initialization in the kernel regime
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Conclusion

Thank you! 

We study the gradient flow on two-layer linear networks:
• Sufficient imbalance or sufficient margin guarantees exponential convergence 
• Orthogonal Initialization leads to min-norm solution 

Future work:
• Convergence analysis extends to other losses
• Deep linear networks 
• Imbalance in nonlinear networks (ReLU net, etc.)
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